In this work, our aim is to generalize some of the results in [1] and [5] . Precisely, we extend the result in [1] on commuting values of the same generalized derivations to the di¤erent generalized derivations case by a short proof. Also as an application, we extend a result in [5] on images of a linear map with derivations to generalized derivations case.
Introduction
Throughout, rings are always associative. Let R be a ring. For a; b 2 R, let for all x; y 2 R. Evidently, any derivation is a generalized derivation. For a; b 2 R, it is easy to see that the mapping ax xb is a generalized derivation of R known as inner generalized derivation.
By a prime ring we mean a ring R such that for a; b 2 R, aRb = 0 implies either a = 0 or b = 0. Throughout, R is always a prime ring. Let Q denote the maximal right ring of quotients of R. It is known that Q is prime and its center, denoted by C, is a …eld, which is called the extended centroid of R. Let Q C CfX 1 ; X 2 ; g stand for the free product of the C-algebras Q and CfX 1 ; X 2 ; : : : ; X n ; : : :g, the free C-algebra in the noncommutative indeterminates X 1 ; X 2 ; . An element (x 1 ; : : : ; x n ) of the free product is called a generalized polynomial identity (gpi) on R, if (r 1 ; : : : ; r n ) = 0 for all r 1 ; : : : ; r n 2 R (see [2] for more details).
Recently, most authors study some generalized polynomial identities on a prime ring and characterize the structure of maps involving in these identities (see [1] , [3] , [4] and [5] ). In this way, they try to …nd out the structure of the ring. In this work, our aim is to generalize several of the works on generalized polynomial identities.
In [1] , Ali et al. study a generalized polynomial identity with a commutator of the same generalized derivation. Precisely, they characterize the structure of a nonzero generalized derivation G of R such that G(u)u; G(v)v = 0 for all u; v 2 f (R), the set of all evaluations in R of the multilinear polynomial over C. In section 2, we extend the result to the di¤erent generalized derivation case by a short proof, namely, we characterize the structure of two nonzero generalized derivations G and
Motivated by the Noether-Skolem theorem, in [5] the author and T.-K. Lee characterize a linear di¤erential map '(x) = P j a j j (x) for all x 2 R such that
where R is a simple ring with a nonzero derivation and the a j 's are …nitely many elements in Q. In section 3, as an application of the result, we consider the linear map for generalized derivations, namely, we characterize a linear map (
where G is a generalized derivation of R (see Theorem 3.5).
A generalization of the result in [1]
Throughout this section, R is always a prime ring. Let Q be the maximal right ring of quotients of R, and C be its center. We will use the following notation for a multilinear polynomial over C: f (X 1 ; : : : ; X n ) = X 2Sn X (1) X (2) : : : X (n)
for some 2 C, and S n is the symmetric group of degree n. Let f (R) := ff (r 1 ; : : : ; r n ) j r 1 : : : ; r n 2 Rg the set of all evaluations in R of the multilinear polynomial over C. We denote by s 4 , the standard polynomial in four variables de…ned as follows:
where ( 1) is the sign of a permutation of the symmetric group of degree 4, 
for all r 1 ; : : : ; r n ; s 1 ; : : : ; s n 2 R. Then f (X 1 ; : : : ; X n ) 2 is central valued on R and moreover, one of the following statements holds: (2), we have f (X 1 ; : : : ; X n ) 2 is central valued on R and moreover, there exists c 2 Q such that F (x) = cx for all x 2 R and [a; c] = 0 in view of [3] . It means there exist a; c 2 Q such that G(x) = ax and F (x) = cx for all x 2 R and [a; c] = 0, as desired for (iii). This completes the proof.
The main theorem of [1] is then an immediate consequence of Theorem 2.1. But the following is a sharper characterization. 3. An application of a result in [5] Throughout this section, R is always a prime ring. Let Q be the maximal right ring of quotients of R, and C be its center. It is known that any derivation : R ! R can be uniquely extended to a derivation of Q, denoted by also. A derivation : R ! R is called X-inner if its extension to Q is inner; that is, = ad(b) for some b 2 Q. Otherwise, it is called X-outer. In [8, Theorem 4] , T.-K. Lee showed that a generalized derivation G of a prime ring R is of form G(x) = ax + (x) for some a 2 Q and a derivation of R. Moreover a 2 Q and are uniquely determined by G. Also is called the associated derivation of G. A generalized derivation G is called X-inner if its associated derivation is X-inner; otherwise it is called X-outer. Following [5] , let Q[t; ] := fa 0 + a 1 t + + a n t n j a 0 ; : : : ; a n 2 Q; n 0g;
be the Ore extension of Q by endowed with the multiplication rule: tx = xt + (x) for x 2 Q. A polynomial f (t) = a 0 + a 1 t + + a n t n 2 Q[t; ] has degree n if a n 6 = 0, denoted by deg f (t) = n, and is called monic if a n = 1.
Given f (t) = a 0 + a 1 t + + a n t n 2 Q[t; ] and a derivation of R, we de…ne f ( ) = (a 0 ) L id R + (a 1 ) L + + (a n ) L n , where id R is the identity map of R. The least integer n is called the quasi-algebraic degree or the outer degree of the derivation and is denoted by out deg( ). Clearly, out deg( ) = 1 if and only if is X-inner. We also let out deg( ) = 1 if is not quasi-algebraic.
Remark 3.2. Let : R ! R be a quasi-algebraic derivation. We apply Kharchenko's theorem [6, Corollaries 2 and 3] (see also [7, Theorem 2] ). If char R = 0, then = ad(b) for some b 2 Q. If char R = p > 0, then ; p ; p 2 ; : : : are linearly dependent over C modulo inner derivations of Q. Let s 0 be the minimal integer such that By the minimality of s again, it is easy to see that ( i ) = 0 and (b) 2 C. In this case, we have out deg ( ) = p s . In this section our main is to give an application of the above result to generalization derivations. for all x 2 R. If G is X-outer then there exist b; c 2 Q and 1 ;
; s 2 C such that
for all x 2 R.
Proof. In view of [8, Theorem 4] , there exist a 2 Q and a derivation of R such that G(x) = ax + (x) for all x 2 R. Thus by a direct computation, it is easy to see that
]. So by our hypothesis, we have f ( )(R) [R; R]. It follows from Theorem 3.4 that is a quasi-algebraic. Therefore by Remark (3.2), since G is X-outer we may assume that char(R) = p, and so there exist i 2 C and b 2 Q such that 
